In trying to calculate the image figures of an optical problem the authors were led to consider a problem of least squares which proved unusually difficult, since the determinant of the normal equations to be solved had a very small value. The following attempt to make the problem a geometrical one should be of value in other applications, and is presented here for what it is worth.
Most problems of least squares can be reduced to the following: Suppose that we are given a sequence of k known functions fi, • • • , fk of one or more variables. Our problem is to determine k constants, Ci, so that an unknown function, F, whose values are known for n > k values of the coordinates will be approximated as closely as possible by a linear combination of the functions
Since F is given for only n>k values, we can consider these values as the coordinates of a vector b in an w-dimensional space. The values of the fi for the n values of the coordinates may also be considered as the coordinates of k vectors di in the w-dimensional space. It is a simple geometrical problem to find the best approximation of the vector b by a linear combination of the vectors o». We merely project b in to the space of the vectors a,, i.e., we minimize (5-ZC,a,). We can simplify the problem considerably if we order the vectors in a suitable way, which in this case will be the transformation of (3) into a form which contains only unit vectors, i.e., the projection of our problem on the unit sphere. Let
where St=t-= 1. Equation (3) becomes X) = tsx.
A solution of (5) which yields 7< will also yield Ct for 07* . . Ci = j 7 i = (6) a; P From (4) and (5) we see that the diagonal terms of the matrix of (5) are all 1, whereas the members not on the diagonal are smaller than 1.
The senior author now suggests an ordering of the vectors in such a way that the principal subdeterminants* have a maximum value (which will always be less than 1, since k independent edges of the parallelopiped formed by the unit vectors s,-lie inside the unit sphere). If the determinant of the problem is small, this means that the volume of the parallelopiped is small or that the vectors o< are not "too independent," i.e., that one or more of the vectors can be approximated by a linear combination of the others.
If we denote by a,y the quantity, stsj, by c|0) the quantity tSi, we may write (5) 
The method used will be this: We choose an arbitrary number, say r, where r<k, and find the r-rowed principal subdeterminant which has the largest value. We set the {k -r) variables not involved equal to zero, and solve the r equations for the r unknown variables, obtaining the values 7y,i=7i,i • • • 7r,i.7y,i = 0, j>r. Substituting these for the variables 71,1 • • • 7,4 in the k -r remaining equations, we havfe ffl,r+l7r+l
where = c® -ia«./7y.»-At this point we have two possibilities. Either the constants cP are very near to zero, in which case we have that the solution of (8) is given by y,-= 0,j>r, so that a reasonably accurate solution of (7) and thus of (5) is given by 7;,i = 7t,i (i = 1,2,---, r); yitX = 0 (i = r + 1, • • • , k).
In the event that they are not sufficiently small, we take the largest (r-j-1)-rowed principal subdeterminant of (7), equate the remaining {k -r-1) variables not involved to zero, and proceed as before, obtaining (k -r -1) equations in {k -r-1) unknowns:
X=1
where the meaning of the terms /x<x and cj2) is clear. Should the constants cf be sufficiently small, the approximate solution is given by 7f = 7,-(i = 1, 2, • • • ,r + 1); 7i = 0, {i = r + 2, • • • , k).
One must keep in mind that as larger subdeterminants are taken, their values get smaller, and that, of course, as r gets nearer k the c^ become smaller, and vanish when r = k. There will usually be a place somewhere in this process, however, where sufficiently good accuracy will be achieved. If greater accuracy is desired, one must We present as an example a set of six equations with six unknowns. Since the calculation of the maximum subdeterminant is very laborious, we have replaced it by the less laborious, but theoretically less satisfying, method of ordering the vector so that the sum of the squares of the elements outside the principal subdeterminant is as small as possible.
The system is represented by the following matrix. This matrix is reduced to unit diagonal and reordered as described above (in this example, the ordering remains the same). The elements of the resulting matrix are the light-face elements of the following matrix. The bold-face elements are found as follows: The first bold-face row contains the determinants of the second order found from the first and second rows. Any other bold-face elements above the stairway dividing line are formed by adding to the element immediately above it the product of the rest of the column above it and the row to its left, e.g., 0.99323748-0.93193775X0.96747003-0.04686244X1.94455183 = 0.00048919. The first column to the left of the stairway dividing is the negative of first row, the second column is the negative of the first bold-face row divided by its first number, and so on. The process is continued until one of the diagonal elements becomes very small. The solution of the equations, omitting the last and successive variables, is found in the usual manner from the bold-face column at the extreme right. This column is the ratio of the last niimber of each row to the first number of each row.
We find in our case • 71 = 8.75144919, 72 = -18.24071797, 73 = 10.58038529.
The three remaining unknowns are found by distributing the residuals among all six equations by least squares. When this is done, we find for our original unknowns: Ci = 3.4727, Cs = -13.4739, C3 = 14.0244, Ci =-0.0003, C6 = 0.0002, C6 = 0.0001.
This method has been applied successfully to least-squares solutions in geometrical optics and to the colorimetric problem of finding polynomial reflection curves which will yield a prescribed set of tristimulus values under a given illuminant and fit other prescribed conditions.
In the latter problem, the small unknowns must be neglected prior to symmetrization and reduction to unit diagonal.
